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In this work & class of problems of the calculus of variations is con-
sidered, and an application of the developed theory to multistage
rockets is given.

In contrast to [1-3], the control functions u.(t) are here assumed
to be known discontinuous functions of time.

A problem of the Bolza-Mayer type in the calculus of variations is
posed and necessary conditions (conditions of stability) are derived
for the determination of the points t; of discontinuity of the control
function uj(t) in order to obtain the extrema of certain functionals.

1. A process which takes place in a certain dynamical system is de-
scribed by means of n ordinary first order differential equations

gs = :;s— fsloy ooz Uy, ooy Uy, 1) =0, (s=1,...,n) (1.1)
and by a finite set of relationships
Y =Py (Uy, « - s Uy, ) == 0 k=1,..,r<m (1.2)

In equations (1.1) and (1.2) the x (t) are the coordinates which de-
termine the position of the dynamical system, while the uj(t) are the
discontinuous control functions; m — r of them (say, Uy, oo, “m-r) are
given as explicit functions of time.

At the initial moment, t = th, the position of the system is deter-
mined by the values of the coordinates

r, (tg) = =° (s=1,....n) (1.3)
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and by the values of the control functions
U (o) = u]-" G=-1....,m (1.9
The coordinates at the time t = T are related by the equations
G = O, {x (T), 1] =0, (I=1,...,p<n) (1.5)

It is required to determine the moments of time t, which determine
an extremum to a certain functional

J = J la (1), T] (1.6}
under conditions (1.1) to (1.5).

2. We form, as is usually done [1 3] the auxiliary functional

T r
1 ::J%— M p,d) + \ {\ htg 4 pkll‘k} dt (2.1)
=1 ta k=1
Here, As(t), uk(t) and p, are the undetermined Lagrange multipliers.
Since the right-hand side differs from J and only by terms which vanish
at an extremum, the conditions for extrema of I and J coincide.

In evaluating the variation of the right-hand side of equation (2.1)
we assume that in the time interval (to, Ty considered, there exist two
points ¢, and t, Where the functions uj(t) are discontinuous

Lty <t < T

The values of the above introduced functions we shall label with a
superscript 1 in the interval (to, t) (for example, we write L (1)(t),
u. (1)(t), in the interval (tl, ) we shall lahel them with the super-
script 2 (for example, x (2 (t) u] )(t)), and in the interval (t2, T
with the superscript 3.

Then the variation of expression (2.1) can be represented in the form

P
AI:AJ—%~AE,J +5\{2;\(1) (1)+ EP(U‘P“)}‘“

I--1 t, s=1

1 T

S{Z;" (o) (2 + Z By "Q (z)} dt +6\ {Z xs(3)gs(3) + 2 p‘k(!i)q,k(s)} dt (2.2)
f, s=1 fy 5= k=1

The presence of the discontinuities in the control functions, forces

us to consider the changes in the points, t. (i = 1, 2), of discontinu-

1
ity when we compute the variation of the functional Al

If the time is not fixed (T is free) then there exists the relation

Ae, Y (T) = 82,0 (T) + =z, (T) 8T (2.3
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between the "variation of the end" Ax (3)(T) and the "variation at the
end* 5x ¥ (7).

The variation AJ can be expressed in the form
n n
oJ aJ aJ .
————— (3) —_— —— (3) ]
AJ = Z PWIE) 78 61’8 () + [ o7 + 2 3133(3) %8 x T) ]6T 2.4
s=1 9 s=1 d

For the variation of p1®1 LA 4 pp®p one obtains an analogous equa-
tion.

Since the initial data, which determine the position of the dynamical
system, are knmown ((1.3) to (1.4)) and the control functions are also
determined on the interval (to, t.), then, in accordance with the formu-
lation of the problem, the function xs(l)(t) of time can be determined
from the corresponding system of equations, and, hence, the variation of
the first integral in expression (2.2) must be zero. For the same reason

oz, V() =0 (2.5)

namely, the "variation of the end" of the left trajectory may have an
increment along this trajectory, and hence the equation, similar to equa-
tion (2.3), will have the form

Az (1) = 2,V (1) 8¢, (2.6)

The values of the "variation at the end* Bx (2)(t ) and of the “vari-
ation of the end" Ax (2)(t ) of the intermediate trajectory are related
by the equation

Az (1)) = b2, (1)) + 2, (1)) &, 20

Because of the discontipnuity of the trajectory zs(t) at the points
of the discontinuities of the control functions uj(t), we have

Az V() = Az, P (t) = Az, (1) (2.8)
From equations (2.6) to (2.8) it follows that
8z, (1)) = [z, (&) — =, (1)1 6y (2.9

For the variation of the right trajectory xs(3)(t) at the point ty
we obtain

82, (1) = 8z, D (t,) + [P (1) — 2, (t,)] 8¢, (2.10)

Taking into account equations (2.3) to (2.10), we can transform the
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variation of the functional AI into the following form

i
1=y ;ﬁ?ﬂ‘“‘”””[ar + 3w | T+

(3) (T)

8=

-

n

v
A D0, [Z A (1) (@M () — 22 (1) )]6z1+zxg’”<T)6r;3’ (T) +
[=1

83—

—

n

=3I @) — A ()] 82,0 (1) — | DA ) (2 () — 5 () o1 +
=1

s=1
{2

\ {Z N G B P I I s g

1, &=1

S o e, ), ,)} \{Z 6, [;‘(z)_{_ 2 (2) A (2>]+

k=1 t, 8=1 a=}
(2) 2) 8 (2)
Buer (B 2 S 2
g
T
—}—S {2 67»5(3) [:i's(a)— fs (xl(s) R x”(a)’ ul(:"), Ce um(a), ] +
1y 8=1
r T af
, (3) (3) 3) @ ;
-+ 2 6}11“3 11’;: (ul ? [EREENEE ] um( ' I)} dt — \ { Z 61‘ 3 [A, 3 + E (3} ;\,a(s)] +
k=1 iy a=1 '
m .n r
7} i}
+ 6uk(3)[2 ao 3 @ b ]}dt @2.11)
Pand — Ju (3 =1 auk(3)

In the derivation of formula (2.11) we have made use of the equations

t"l n n n
S 3 AP0, 2a = 3 A (1) 62, (1) — 3} 2D (1) 82,2 (1) -
{, s=1 s==1 s=1
on
Y r@sma
f =1 (2.12)
T n n n T 5
{ M APz Dt = D 4,B(T) 82,2 (1) — D) 4,2 (1) bz, t2>_§ D14, 62,8 dt
Y e=1 a=1 a=1 fra=t

The type of the function u.(t T, t), which is determined in any
concrete problem by the condiéions of that problem, does not affect the
procedure of the proof. Therefore, for the sake of definiteness, we shall
use u.(2)(t, t;) and u-(3)(t, ty, ty). Then the variations of the con-
trol function uj(t) will have the form



A type of variational problenms 1709

au,.‘” 6u Bu

duf® = =8, du® = - 6 + i 0 (2.13)

The variations

82, (), 0z, (1), 82, (1), O4,F (1), 81, (1), S (1), ™ (0
(k=1,...,m, &,06,0T", n—p

of the variations SS(T) are independent.

By determining the 2r multipliers Hp (t) uh(3)(t) so that the co-
efficients of the variations 8 (2) and 5 (3) (VEm~-rt1, ..., m

are zero, and determining the p multipliers p; so that the coefficients
of the dependent variations & (3)(T) are zero, we make sure that the co-
efficients of the remaining independent variations are also zero. As a
result we obtain the equations which must be satisfied by the coordi-
nates of the system and by the control functions

2= e plwh ) =0, (s=1,... nk=1,...,ri=23) (2.14)

The differential equations which are satisfied by the functioms
As‘(t) are the following:

i :l,_ . o7 —
At *Z a .i_ (s=1,...,n i=23) (2.15)
The boundary conditions for the functions As(3)(T) are

p
7y (8)( T+ —9 (3)(1‘) [ + ?:‘Jl pld)l] =0 (2.16)

The boundary condition is of the form
I
;ﬁ%[hugl plo,]:o (2.47)
The conditions of continuity for the functions As(t) are

A, () = A, () (s=1,...,n (2.18)

The equations for the determination of the multipliers My (2)(t) and

n
|8 L OV,
Sagde S u o gt =29 219
du Au,t
k k=1 k

For the points of discontinuity ty and ty of the control function
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uj(t), we have the following conditions:

T m—r n

S -2 e+ | {3 sauk Z aa%] }""z" (2200

8=1 ti k=1 s=1
Thus we have obtained the following:

2n first order differential equations for the determination of the
functions

e P W, 2, @) (s=1,...,n)

2n first order differential equations for the determination of the
multipliers

220, AP0 (s=1,...,n
2r relations for determining the functions

B @O @ k=1,...,7

The quantities which are still unknown are 4n arbitrary constants,
obtained in solving the corresponding first order differential equations,
the quantities t, ty and T, and also the p multipliers Py (! =1,...,p);
altogether 4n + p + 3 quantities.

For the determination of these unknown quantities we have the n
boundary conditions (2.16), n conditions (2.18) of the continuity of the
multipliers As(t), two conditions (2.20) at the point t, of discontinu-
ity of the control, n conditions of continuity of the coordinates at the
point ty, xs(l)(tl) = x (2)(t1), and n conditions of the continuity of
. the coordinates at the point ty, zs (t ) T oxg (t2) and the p rela-
tions (1.5); altogether 4n + p + 3 conditions

Therefore, the problem of determining the extremum of the functional
J can be solved.

We note, that following [1,3], one can introduce a Lagrange function
L given by the equation

n r
L= E A g+ 2 LRt

s=1 k=1

The system of differential equations (2.15), which determines the

multipliers A_*(t) (s =1, ..., n; i =2, 3) can be expressed in the
form

174 oL oL

E;[GT':J—GQ,';:O (s =1, ..., n
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while conditions (2.18) of the continuity of the functions As(t) can be

written as
[ oL } __[ oL )
613(2) 1y—0 aj!h'i) .!tzm

Let us introduce the function H given by the equation

n r
= D Afy— Dy = Hy + H, u
8=1 k=1
\\\\‘Uh
where
. u
n r ! v
H=hy DA f,, Hy = — D, D>
=1 -
Uy
Taking into account the fact that \\1L&
oL oH A A A |
6uk=auk

we may write conditions (2.20) in the form

m-—r 9
() g0 — [\l 40 + \ [Z giﬁuf] dt=0(=1,2)

Next, using the equation

9H 0wy 9H

2 E)ukat =ot,

i

we express (2.2) finally in the form
T

( o _ X
(Hy o — [Hylppo + \ 5};’d‘ =0 (i=1,2)
t

3. As an example let us consider the application of the theory pre-
sented above to the computation of a two-stage rocket which is moving
vertically in a nonhomogeneous gravitational field in a space where
aerodynamic forces can be neglected.

The equations of motion of the center of mass of the composite rocket
have the form

. m . 2h

v=—g—V ~, h=y g=g0(1—§) (3.1)
where m is the mass of the composite rocket which changes according to
a linear law, v is the velocity of the center of mass of the composite
rocket, h is the altitude above the earth’s surface, V" is the relative
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velocity of the expelled particles, g is the acceleration of gravity, R
is the earth’s radius and g is the acceleration of gravity at the
earth’s surface, where h = 0.

Let us introduce a dimensionless mass for the multistage rocket
n
U = —— (3.2)

where mo is the starting mass of the rocket.

If one considers an auxiliary plane {u, t}, then the parts of the
curve u = u(t) which correspond to the operating regime of the engines
will be represented by inclined line segments while the parts of the

separation of the stages will be vertical segments (see Figure).
The engines of the successive subrockets work without intermissions.

Let us denote the ratio of the "mass of the dry weight" of the ith
(it =1, 2) stage to the mass of its fuel by ki. Furthermore, let us use
the notation

u;_ = u(t; — 0), uy = u (t; + 0) (3.3)

i

The function u(t) is determined analytically by 2n equations (n = 2)
wp = ug_ g — By — t_y), u; == uy_ (4 k) — kg, (3.4)

where Bi is the fuel expenditure per second of the engine of the ith
stage.

¥e note that ¢
ful load).

0 - 0ty T T and u, = mp/mo (mp is the mass of the use-

For what follows it is necessary to evaluate the partial derivatives

8u]- Buj_

Bt ot G=1,2i=1)

For a two-stage rocket the evaluations yield

ouy_ dug_ 7]

5 = — By (;‘;1 — — Baka ’—9—:‘1—‘= — B4 k) (3.5)
du
Fe=P (L4 k) —b(1 4 k)=0 (3.6)

It is required to find the time moment t; of the transition from the
first stage of the comppsite rocket when the velocity v(T) at the end of
the active part has reached its maximum, if the active flight time of
the rocket is fixed (specified).

The differential equations (2.15) for the determination of the
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undetermined multipliers Al(t) and Az(t) take on the form
Ay = — Ay Ay = — VI, (3.7
where
v? = 2g/R (3.8)
Boundary conditions (2.16) are (h is free)
MT) =—1, M@ =0 (3.9)

The values Al(t) and Az(t), found by means of equations (3.7) and
(3.9), have the form

A’l ==coshv (T — 1), Ao = Vsinhv (T — ) (3.1())

Condition (2.20) can be expressed in the form

e

t

T
v, vV, ¢A
Ay (1) {ﬁl L —ﬁ"’—uf] + ﬁ,,kgvz’\ —‘uii)d; =0 (3.11)

g

Integrating the last integral by parts, we can transform (3.11) to the
form

V" BV + k By,
BV Ry (1t “)]-:r . dt=0  (3.2)

Ay (8) [ u 1 + VB k" S

t
For given values of ﬁi and Vir, equation (3.12) determines the re-
quired moment of time t.
If the rocket is uniform B, =P, =B, V" = V,” = V" and k; = k, = &,
then equation (3.12) takes on the form

T

"4 1 k- k : dt
A, (ro[——- + J+;;_+ kvgkz(t)y=0 (3.43)

uy Uy
&

It should be mentioned that the computation of the optimal moment ty
can he performed even if the law of motion of the center of mass of the
rocket is not known.

As a numerical example, let us consider the determination of the time
moment ty for a two-stage uniform rocket with the following character-
istics:

0o = 1000 kg secz/meter, mp = 50 kg secz/meter, E=0.1,

g, = 10 meter/sec, V™ = 3000 meter/sec; P = 1/200 sec™)!, T = 190 sec.
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The optimal moment of time t, for the separation of the first stage,
under the above hypothesis that the rocket is moving in a homogeneous
gravitational field, in 156.2 seconds.

If the rocket is moving in a nonhomogeneous gravitational field, the
quantity t; found by means of the equation (3.13) is 154 seconds.

The maximum velocity of the composite rocket at the end of the active
regime in a homogeneous gravitational field is 5528 meter/sec, and in a
nonhomogeneous field it is 5623 meter/sec.
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